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Abstract 

In this paper, we deal with a class of mean-field backward stochastic differential equations 
(BSDEs) related to finite state, continuous time Markov chains. We obtain the existence and 
uniqueness theorem and a comparison theorem for solutions of one-dimensional mean-field 
BSDEs under Lipschitz condition. 
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1 Introduction 

The general (nonlinear) backward stochastic differential equations (BSDE in short) were firstly in¬ 
troduced by Pardoux and Peng 11211 in 1990. Since then, BSDEs have been studied with great inter¬ 
est, and they have gradually become an important mathematical tool in many fields such as financial 
mathematics, stochastic games and optimal control, etc, see for example, Peng |[22l . Hamadene and 
Eepeltier iQJll and El Karoui et al. ifT^ . 

McKean-Vlasov stochastic differential equation of the form 

dX{t)=b{X{t),^{t))dt+dWit), te[0,T], X{0)=x, (1.1) 


where 
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b : R” X /?'" — )• R being a (locally) bounded Borel measurable function and •) being the probabil¬ 

ity distribution of the unknown process X{t), was suggested by Kac llT4l as a stochastic toy model 
for the Vlasov kinetic equation of plasma and the study of which was initiated by Mckean EOl . 
Since then, many authors made contributions on McKean-Vlasov type SDEs and applications, see 
for example, Ahmed |[T1, Ahmed and Ding O, Borkar and Kumar Q, Chan 0, Crisan and Xiong 
lHU, Kotelenez ifTSl . Kotelenez and Kurtz lIT^ . and so on. 

Mathematical mean-field approaches have been used in many fields, not only in physics and 
Chemistry, but also recently in economics, finance and game theory, see for example, Lasry and 
Lions 1171, they have studied mean-field limits for problems in economics and finance, and also for 
the theory of stochastic differential games. 

Inspired by Lasry and Lions ifTTl . Buckdahn et al. [A] introduced a new kind of BSDEs-mean- 
field BSDEs. Lurthermore, Buckdahn et al. ||5l deepened the investigation of mean-field BSDEs in 
a rather general setting, they gave the existence and uniqueness of solutions for mean-field BSDEs 
with Lipschitz condition on coefficients, they also established the comparison principle for these 
mean-field BSDEs. On the other hand, since the works |5l and O on the mean-field BSDEs, there 
are some efforts devote to its generalization, Xu ll23l obtained the existence and uniqueness of 
solutions for mean-field backward doubly stochastic differential equations; Li and Luo lIT^ studied 
reflected BSDEs of mean-field type, they proved the existence and the uniqueness for reflected 
mean-field BSDEs; Li |[T9l studied reflected mean-filed BSDEs in a purely probabilistic method, 
and gave a probabilistic interpretation of the nonlinear and nonlocal PDEs with the obstacles. 

However, most previous contributions to BSDEs and mean-field BSDEs have been obtained in 
the framework of continuous time diffusion. Recently, Cohen and Elliott fT| introduced a new kind 
of BSDEs of the form, for t G [0, T] 

Yt=k +f{s,Ys-,Z,)ds- (1.2) 

where M, is a martingale related to a finite state continuous time Markov chain (the details of Mt will 
be given in Section 2). In Cohen and Elliott fT], the authors proved the existence and uniqueness 
of solutions for those equations under Lipschitz condition. Lurthermore, Cohen and Elliott f8 ] gave 
a scalar and vector comparisons for solutions of the BSDEs on Markov chains. Lurthermore, they 
discussed arbitrage and risk measure in scalar case. 

Very recently, Cohen and Elliott f9i] established the existence and uniqueness as well as com¬ 
parison theorem for BSDEs in general spaces. In Cohen et al. ifTOl . they established a general 
comparison theorem for BSDEs based on arbitrary martingales and gave its applications to the the¬ 
ory of nonlinear expectations. 

Motivated by above works, the present paper deal with a class of Mean-field BSDEs on Markov 
Chains of the form 


Y,=^ + E'[f{sX-X,Ys-,Z,)\ds- Z4M,, (1.3) 

To the best of our knowledge, so far little is known about this new kind of BSDEs. Our aim is to hnd 
a pair of adapted processes (T,Z) in an appropriate space such that (11.3b hold. We also present a 
comparison theorem for the solutions of BSDEs (11.3b . We see that our BSDE (11.3b includes BSDE 
(fO as a special case. 
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The paper is organized as follows. In Seetion 2, we introduee some preliminaries. Seetion 
3 is devoted to the proof of the existenee and uniqueness of the solutions to Mean-field BSDEs on 
Markov ehains . In Seetion 4, we give a eomparison theorem for the solutions of Mean-field BSDEs. 

2 Preliminaries 

Eel r > 0 be fixed Ihroughoul Ihis paper. Eel X = {Xt,t G [0,r]} be a eonlinuous time finite state 
Markov ehain. The states of this proeess ean be identified wilh Ihe unile veelor in , where N is 
Ihe number of slales of Ihe ehain. 

Eel be a eomplele probabilily spaee. We denote hy V = <t <T} Ihe nalural 

fillralion generated by X = {Xt,t G [0, T]} and augmented by all E-null sels, i.e., 

= o{Xu,0 <u<t}V 

where jVp is Ihe sel of all P-null subsels. 

Eel At be Ihe rale malrix for Ihe ehain X al lime t, Ihen Ihis ehain has Ihe represenlalion 

Xt=XQ-\- f AiiXu-du-\-Mti 

Jo 

where Mt is a martingale related lo Ihe ehain X = {Xt,t G [0, T]}. The optional quadralie variation 
of Mt is given by Ihe malrix proeess 

[M,M]t= I AM„AM: 

0<w<? 

and 

{M,M)t = [ [diag(A„X„_) - diag(X„_)A* - A„diag(X„_)]r/M, 

where [•]* denotes malrix/veelor Iransposilion. 

Eel <I>, be Ihe nonnegative definite malrix 

<I>j := diag(AjX(_) -diag(Xj_)A; -A(diag(X(_) 
and 

||Z||x,_ := VTr(Z<I>,Z*). 

Then || • ||x,_ defines a (sloehaslie) seminorm, wilh Ihe properly lhal 

Tr{Ztd{M,M)tZ:) = \\Z\\l_dt. 

Now, we provide some spaees and nolalions used in Ihe sequel. 

• LP{Q.,JFt,P) := : real valued fFr-measurable random variable £"1^1^ < +°°,p > 1}; 

• LP{Q.,!]^,P',R^) := : E”-valued fF-measurable random variable}; 

• Sf{R) := {T : D X [0,r] -^R eadlag and F-adapled, ^[sup^gp j.] |T(p] < +oo}; 
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• := {Z ■. Q. X [0, T] —> R^, left continuous and predictable, E J'q ||Zf ||^ < +oo}. 

Let {Cl,y',P) = (fl X fl, IF (8) IF,/’0P) be the (non-completed) product of {Q.,p,P) with it¬ 
self. We denote the filtration of this product space byiF = {^f = lF0lF,O<i<r}. A random 
variable ^ fF,F;7?") originally defined on fl is extended canonically to : ^'(co',co) = 

^(co'), (co'jCo) € A = X fl. For any 9 € {Cl, p,P) the variable 9(-,(o) : Cl ^ R belongs to 
{Cl, ^,P), P(r/(o)-a.s.; we denote its expectation by 

£''[9(-,(o)] = [ Q{(o',(o)P{d(o'). 

Jq. 

Notice that £■'[9] = £''[9(-,co)] G L^(fl,lF,P), and 

p[9](^ = J QdP = J P'[9(-,(0)]P(r/(0)) =P[P'[9]]. 

For convenience, we rewrite mean-field BSDEs (11.31 ) as below: 

Yr=^ + E'[f{s,Y^_,Z{,Y,_,Z,)]ds-j\,dM,. (2.1) 

The coefficient of our mean-field BSDE is a function / = f{oi',Oi,t,y',z',y,z) : H x [0,r] x P x 
R^ xRx R^ R which is F-progressively measurable, for all {y' ,z',y,z)- We make the following 
assumptions: 

(Al) There exists a constant C > 0 such that, dt x P-a.s., y\,y 2 ,y'i,y '2 G R,z\,Z2,7!i,z!2 G R^, 

\f{d,G),t,y\,z!i,y\,z\)-f{d,G),t,y'2,z!2,y2,Z2)\ 

< C(^|y'i -y'2\ + Ik'i -Z2lU,- + bi -F 2 I + Iki -Z2||x,_); 

(A2)P/(f|/(t,0,0,0,0)|2*<+oo. 

Remark 2.1. Since the integral in (12.11 ) is with respect to Eebesgue measure and our processes have 
at most countably many jumps, in this case the equation is unchanged whether the left limits are 
included or not. 

Remark 2.2. We emphasize that, due to our notations, the driving coefficient / of (12.11) has to be 
interpreted as follows 

E'\f{s,Y^,Z{,Y„Z,)]{(i>) = P'[/(^,F;,Z;F,((o),Z,((o))] 

= [ f{s,Y:{(r)'),Z{{(r)'),Y,{(i)),Z,{(i)))P{d(r)'). 

Jq. 

Definition 2.3. A solution to mean-filed BSDE (12.11 ) is a couple (F,Z) = {Yt,Zt)o<t<T satisfying 
(IQ) such that (F,Z) € S|(P) x //| f(P^). 

3 Existence and uniqueness of solutions 

In this section, we aim to derive the existence and uniqueness result for the solutions of mean-field 
BSDEs on Markov chains. 

Before stating our main theorem, we recall an existence and uniqueness result in Cohen and 
Elliott 171, or more precisely, in Cohen and Elliott I'Qj. 
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Lemma 3.1. Given ^ G O't^P)- Suppose assumptions (Al) and (A2) hold. Then BSDE (11.21) 
has a unique solution (Y,Z) G 5'p(7?) x <^nd the solution is the unique such solution, up to 

indistinguishability for Y and equality d{M,M)t x P-a.s. forZ. 

For the solutions of mean-field BSDE (12.11) . we first establish the following unique result. 

Lemma 3.2. Given Suppose assumptions (Al) and {A2) hold. Then mean-field 

BSDE (12.11) has at most one solution (F,Z) G Sf{R) x 

Proof. Let {Y\Z') G Sf{R) x Pl^ f{R^),i = 1,2 be two solutions of mean-field BSDE (12.11) . Define 
F = F' — F^,Z = Z* — Z^ , we then have 

Y{t) = E'[f{s)]ds- Z,dM„ 

where /(.) = /(.,F/^,Zi',F/_,Z]) -/(.,F/_',z2',F/_,z2). 

Using the Stieltjes chain rule for products, we get 

|L|2 = |Fop-2 rF,_E'[/>)]r/^ + 2 rF,_Z,r/M,+ £ |AF;-AF/|2. (3.1) 

Jo Jo 0<s<t 

Taking expectation on both sides of (13.11) and evaluating att = T, we obtain 
E|Lp = 2 rE[t^E'[f{s)]]ds-E £ |AF;-AF/|2 

P t<s<T 

= 2 f E[t^E'[f{s)]]ds-E £ \{Zl-Zl)AM,\^ 

P t<s<T 

= 2 E[%^E'[f{s)]]ds- E\\Z,\W_ds. (3.2) 


On the other hand, by (Al) and Young’s inequality 2ab < ^a^ + pb^, for any p > 0, it hold 


E[t-E'[f{s)]]ds 


< 2C E 


f,_e'[|f;_i + iiz;iu.,_ + |f.-I + 1|z,iu._] 

T 1 

P 


ds 


< 4C / E\t^\^ds + 2C [pE\t^\^ + -E\\Z,\\l^_]ds. 


Choosing p = 3C, we obtain 

2 E[Ys-E'[f{s)]]ds < {6C^+4C)J^^ 

This together with (13.21) implies 


E\Ys-\^ds + - rE\\Zf\l ds. 
3 Jt * 


1 

E\Yt\^ + -j E\\Z,\\l^_ds<{6C^ + 4C) J E\Y,fi'^ds. 
An application of GrdnwalTs inequality gives 

E\Y,\^ = 0, E\\Z,\\l_=0, 

i.e., F/ = Yi^ and Z/ = Z^ P-a.s. for each t. The proof is complete. 


□ 
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Next, let’s consider a simplified version of mean-field BSDEs (12.11) as follows 


Y,=^+ E'[f{sX-,Ys-,Zs)]ds- Z4Ms 


We have fhe following exisfence and uniqueness resulf. 


(3.3) 


Lemma 3.3. Given Suppose assumptions {Al) and {A2) hold. Then mean-field 

BSDE (13.31 ) has a unique solution (L,Z) € x jr(^^)- 


Proof. Lef Y^^ = 0, f € [0, T], we consider fhe following mean-field BSDE: 


- / zXdM,. 


+ E'[f{sX-X-.zX)]ds- 


(3.4) 


According fo Eemma ILTI we can define recursively (E"+\Z”+^) be fhe solution of BSDE (13.41) . 
Eor t G [0, r], we have 


yn-\-\ _yn _ 

If If — 


Ey{sX-X-,zX)-nYYfX'X-\z:)]ds-l\zx-z^)dM, 
-Yf-fEy{sx:x-,z:x-nsxx\YfX,z:)]ds. 

Jo 


_ y«+l _ yn 


- I {zX-Z^)dM, 


Using fhe Sfielfjes chain rule for producfs, we have 


|yrt+l _y'? |2 


(3.5) 


_ |y/t+l 

— 1-^0 


-Eo”P-2 f{YX^-Yl)E\f{sX-X-.zX)-f{sX-'\YX\z:)]ds 
Jo 

+2 f {YfX - YfXzX' -z’:)dM,+ £ | ae ;+ i - af ;| 2 . 


J^ 0<s<t 

Taking expecfafion and evaluating al f = T, we obfain 

.'■r 

rt+1 y«|2 _ 


£. yn+l 


X = 2eI^ [(T;+l-T;JE'[/(.,7;_^7;_,z^l)-/(.,7;^'^F;^^z^^ 


- E\\zx-z:\\i_d^, 


By (Al) and Young’s inequalify, for any p > 0, we have 

cT 


(3.6) 


2e| [(f;+i-F;_)E'[/(.,F;_^F;_, z;+')-/(.,F;_-'',F;_-\z;)]]r/. 


rT r 


< 2CE 


(f;+i - f;_)e'[|f;_' - f;_-^'| + |f;_ - YfX \ + \\zX - z: 


7«+l 7«| 


ds 


< 


3C r 

P Jt 


E\YfX -YfXds + 2pC I E\Y,f-YX'fds + pC I E||Z;+'-Z;||i_d5.(3.7) 




yft-fil 7^ II2 
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Choosing p = ^, combining (14.21) and (13.71) . we then have 

< ci^ E\Y,'^+^-Y,'^\^ds + y E\Y,^-Yr'\^ds], (3.8) 

where c = max{6C^, 1}. Let u"{t) = E\Y" — \'^ds, it follows from (13.81) 

-^^f—^{t)-cu^’+\t) < cu"{t), n''+'(r) =0. 

dt 

Integration gives 

u'^+^{t)<cy e‘^^-^-‘^u'‘{s)ds. 

Iterating above inequality, we obtain 

(f,pC\n 

n\ 

This implies that {F”} is a Cauchy sequence in Sf{R). Then by (13.81 ). {Z"} is a Cauchy sequence 
in 

Passing to the limit on both sides of (13.41) . by (A2) and the dominated convergence theorem, it 
follows that 

F:=limF", Z:=limZ" 

n—)-oo 77—>-oo 

solves BSDE (13.31) . The uniqueness is a direct consequence of Lemma 13.21 The proof is complete. 

□ 


The main result of this section is the following theorem. 


Theorem 3.4. Assume that (Al) and (A2) hold true. Then for any given terminal conditions ^ € 
IFt,P), the mean-field BSDE (12.11 ) has a unique solution (F,Z) € Sf{R) x ^{R^)- 

Proof According to Lemma 13.21 all we need to prove is the existence of solution for mean-field 
BSDE dlTT) . 

let Z^ = 0, f € [0, r], in virtue of Eemma 1331 we can define recursively fhe pair of processes 
(F”+\Z"+^) be fhe unique solution of fhe following mean-field BSDE: 

F;+i = ^ + ^^E'[/(.,F;+'^Zf ,F;_+I,z;+I)]rf.-^^Z;+Ir/M,. (3.9) 

Using fhe same procedure as above, we gel 


£.|y«+l _y«|2 

T 


= ieJ^ [(F;+l-F;JEq/(.,F;+l^zr,F;+^z^l)-/(.,F;_^z^l^F;_,z;)p. 


-/ EWZ^+^-Z^fx ds 


rT r 


< 2CE 


{YfA-Yf_)E'[\Yf+^-Yfi\ + |f;_+^ -f;_| + ||z;: -z; 

rT 


'«/ ryn—\l\\ 

's- IIf,- 


-Y\\z"f^ -zr 


-I A,. 


ds- I E||Z;+^-Z;|||_r/5. 
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With the help of (Al) and Young’s inequality, for any p > 0, we have 

£|yn+l _yn |2 

< 2C£^^[(f;+' --f;„'| + |f;+' -f;_| + \\z:L-z:i^'\\x,_ 

cT 


+\\z';:' -z;_\kjds- 


£||z;+‘ -Z^Wl^ds 


< (4C + 


2C, 


+(pc-i) 


[|f;+' - f;_ \^ds+pc £ ||z;_ - z-z' |||^_ 

l'\\\z:+^-ziwljs. 


\ds 


Define k = AC + ^,hy the backward Gronwall’s inequality, we obtain 


rt+l v^|2 
T 


E\Yr -y; 




< pc| £||z;-zr'|||^_r/.+(pc-i)^ £||zr'-z; 

+ke-^^ /%C£||Z"-Zr'|||„_r/n + (pC-l) r^HZ^i -Z"||i„_r/n]r/.. 

Jt J s Js 


(3.10) 


Choosing p = :^, we get 


E\\Z"+^ -Z'^,\\\_ds + ke- 


ft 


E\\Z’;,+^ -Z'^Wl duds 


< 


iVJt 


E\\Z^,-Z^-^\\l _ds + ke-’^^ r e'‘^ ^E\\Z" - Z^^-^\\l duds 


Iterating above inequality implies that {Z”} is a Cauchy sequence in f(^^) under the equivalent 
norm. 

By (13.101) . we know that {F"} is a Cauchy sequence in Hf{R). We denote their limits by F and 
Z respectively. By (A2) and the dominated convergence theorem, for any t G [0, T], we have 

eJ ^^!£'[/(.,F;+l^zf, f;+i,z;+ 1)-/(.,F;_,z;,F,_,z,)]|d.^o, «^ 

We now pass to the limit on both sides of (13.91) . it follows that (F,Z) is the unique solution of 
mean-filed BSDE (12.11) . □ 


4 A comparison theorem 

In this section, we discuss a comparison theorem for the solutions of one-dimensional mean-field 
BSDEs on Markov chains. 

Eet (F\Z') and (F^,Z^) be respectively the solutions for the following two mean-field BSDEs 


F/ = ^'+ rE'[fi{s,Y‘',Y‘,Z^,Zi)]ds- f^idM,, 


(4.1) 


where / = 1,2. 






Theorem 4.1. Assume that f\,f 2 satisfy (Al) and (A2), € L?‘{Q.,!Ft,P)- Moreover, we sup¬ 

pose: 

{i)%^ P-a.s.; 

(ii)for any t G [0,7], >/2(co',CO,f,7;^',Zj^',T/,Zy^), P-a.s.; then F/ > 

Y^ for all f G [0, r] componentwise. 

It is then rue that Y^ >Y^ on [0,7], P-a.s. 

Proof. We omit the co',co and s for clarity. By assumption (i), = 0, a.s.. Since for 

i G [0,7], (F/ — F/)+ = ^[|F,^ — 7/1 + {Y^ — F/)], then by the Stieltjes chain rule for products, we 
have 

{{Y?-Y,Yf 

= -2f{Yj-Y}Yd{Y^-Y^y- £ A(f/-F/)+A(f/-F,1)+ 

t<s<T 


= -f (F/-F;)+r/[|7/-F/| + (F/-F/)]- £ A(F/-F,1 )+A(f/-F/)+ 

t<s<T 

= - /'^(F/-F,i)+r/|F/-F,i|- r(7/-7/)+d(7/-7/)- £ A(F/- F/)+A(F/- F;)+ 

“'f •'f t<s<T 

= -2 /^{j.2>yi}(F/-F;)r/(F/-F,i)- £ /{j,^2>j,.}A(f/-F;)A(f/-F,1) 

t<s<T 

= -2c/'^{j.2>y,}(F/-F,i)r/(F/-F/)- £ /{j.2>y.}|(z2-Z;)AM,|2. 

t<s<T 

For t G [0,7], by assumption (ii), (Al) and Young’s inequality, for any p > 0, we have 
£((7,'-7/)+)2 + 7y['^{r2>j..}ll(z2-Z;)|||^_d. 

= 27yJ'^{y2>y,}(F/ - F/)7'[/2(F/',zf ,f/,z 2) -/i(F;',Z;',F;,Z;)]r/. 

< 2E }(F/ - F/ )E '[/i (F/',Zf, f/,Z2) - f, (f/',Z f,F/, zl)]ds 

< 2C7^^{j.2>y,}(F/-F,i)[|F/-F;| + ||(z2-Z;)|U,_+7'|F/'-F/'|+7'||(Zf-Z]0lkJ^^ 

< 2c|^7((F/-F/)+)2j. + 2C7y^^|j,2>j,.}(F/-F/)7[/|j,2>j,.}|F/-F/|]d. 


+^rE{{Y^-Y}) 

P Jt 


l^ + ^2 


%>F*}II(Z^-Zi)|||^_r/. 




< (4C+y)^^7((F/-F;)+^2 

Choosing p = 2 ^, it follows from Gronwall’s inequality that E[{Y^ — F/)+)^ = 0,f G [0,7]. It is 
then rue that F^ > F^ on [0,7], P-a.s. The proof is complete. □ 


Remark 4.2. Compare to the comparison results in Cohen and Elliott f8], our assumptions on coef¬ 
ficients /i and /2 are natural. Moreover, we don’t make restrictions on the two solutions, hence it’s 
easier to use. 
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